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Abstract
We analytically derive the effective layer elastic energy of smectic-A and smectic-C liquid crystals
by adiabatic elimination of the orientational degree of freedom from the generalized Chen-Lubensky
model. In the smectic-A phase, the effective layer bending elastic modulus is calculated as a
function of the wavelength of the layer undulation mode. It turns out that an unlocking of the
layer normal and the director reduces the layer bending rigidity for wavelengths smaller than
the director penetration length. In the achiral smectic-C phase, an anisotropic bending elasticity
appears due to the coupling between the layer displacement and director. The effective layer
bending rigidity is calculated as a function of the angle ϑ between the layer undulation wave-
vector and the director field. We compute the free energy minimizer ϑ = θ. It turns out that
θ varies from 0◦ to 90◦ depending on the tilt angle, undulation wave-length and other elastic
constants. We also discover a new important characteristic length and the discontinuous change
of θ. Using the elastic constants of Chen-Lubensky model, we determine the parameters of the
more macroscopic model [Y. Hatwalne and T. C. Lubensky, Phys. Rev. E 52, 6240 (1995)]. We
then discuss the hydrodynamics, and demonstrate the alignment of director and the propagation
of the anisotropic layer displacement wave in the presence of an oscillatory wall and a vibrating
cylindrical source respectively.
PACS numbers: 61.30.Dk, 42.70.Df, 46.40.Cd, 62.20.Dc
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I. INTRODUCTION
Liquid crystals have many fascinating physical properties, because they have both the
molecular position and the molecular orientation as degrees of freedom [1]. This multiplicity
gives rise to interesting phase transition phenomena, including the tricritical and the Lifshitz
point in the phase diagram [2], where the first and second order transitions are switched [3,
4], and three phases (i.e., the nematic, smectic-A (Sm-A) and smectic-C (Sm-C)) coexist [5,
6], respectively. To explain the phase behavior around the nematic-Sm-A-Sm-C (NAC)
Lifshitz point theoretically, a variety of models have been developed [7–12]. De Gennes [7]
and Chu and McMillan [8] introduced a tilt angle and an in-plane director as new degrees
of freedom, respectively. Chen and Lubensky [9] took fourth order derivative of the density
field into account. Benguigui [10] and Huang and Lien [11] adopted a smectic-C scalar order
parameter together with a smectic-A order parameter. Grinstein and Toner [12] also used
the two-dimensional in-plane director component to describe the free energy. Among them,
the Chen-Lubensky model is supported by quite a few X-ray scattering experiments [13–15].
In the smectic phase, the layer order and the director often cause a frustration. In chiral
liquid crystals, geometrical incompatibility of a uniform smectic order and a helical director
configuration leads to a rich variety of defect phases [16]. They can be discussed with the
Landau-de Gennes model, utilizing an analogy with superconductors in the magnetic field,
where the smectic order parameter, the director vector and the chirality are identified with
the wave function of a superconducting particle, the electromagnetic vector potential and
the external magnetic field, respectively [17]. The twist-grain-boundary (TGB) phase is
the simplest defect phase where the groups of planes, containing parallel screw dislocations,
are regularly stacked with the dislocations in adjacent planes tilted each other at a constant
angle, and finite length smectic slabs are inserted between the dislocation planes [18, 19]. The
Chen-Lubensky model, a higher order extension of the Landau-de Gennes model, is again
successful in explaining the structure and phase transition of the TGBA and TGBC phases,
which have the Sm-A and Sm-C slabs respectively [20, 21]. More complex defect structures
such as cholesteric and smectic blue phases have been discovered [16]. The cubic smectic
blue phase (Sm-BPI) is comprised of a three-dimensional cubic disclination lattice, whose
lattice constant is in the order of the wavelength of the visible light [22, 23]. The isotropic
smectic blue phase (Sm-BPIso) has fluid-like rheological properties and the detailed structure
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is completely unknown [24]. Such novel defect structures in principle, should be understood
with the Landau-de Gennes and Chen-Lubensky models presented above. However, in fact,
these phenomenological models are not appropriate for theoretical explanations of these
phases, because of the highly complex spatial structure together with the quite intricate
free energy model. DiDonna and Kamien make use of a simpler phenomenological model to
discuss the stability of the cubic blue phase [23]. In their Landau-Peierls form, the director
is assumed to be parallel to the layer normal. However, a tilt of the director from the layer
normal is reported to weaken the layer bending elasticity in the numerical simulation of
the TGBA phase [25], and to change the structural symmetry of the smectic blue phases in
the experimental study [26]. Such anomalous properties in the TGB and the smectic blue
phases have their origin in a nontrivial elastic mechanism of the undulated smectic layer,
combined with the director degree of freedom. Therefore, a modification of the Landau-
Peierls model, accommodating the director elasticity of Sm-A and Sm-C phases, would help
the understanding of the complex layered structures. In addition, the Landau-Peierls model
has the same layer compression and bending elastic energy forms as those of the other layered
materials such as block copolymers and surfactant system [27, 28]. Thus, the characteristic
features of liquid crystals are not very apparent in the original Landau-Peierls model. The
director in liquid crystals should affect the layer elasticity, while block copolymers do not
possess an orientational degree of freedom especially in the weak segregation limit [29]. Thus
it is worthwhile to derive an intermediately simple model directly from the Chen-Lubensky
free energy, eliminating the variation of the director degree of freedom, to clarify the role
of the director elasticity in smectic liquid crystals. At the same time, by doing so, we can
obtain the phenomenological elastic constants of the macroscopic models [23, 30], in terms
of the more microscopic parameters of Chen-Lubensky model.
Dynamics of Sm-C layers is also an interesting topic of liquid crystals [1, 31–34]. The
director component parallel to layer (c-vector) plays an important role on the static and
dynamic pattern formation due to the anisotropic elasticity and interaction with flow
field [35, 36]. Shear flow orients the c-vector and results in a novel target pattern with
a disclination [36, 37]. On the other hand, because of the static coupling between the layer
displacement and the director, together with the rotational viscosity, an oscillatory wave
traveling perpendicularly to the layer normal also rotates and aligns the c-vector in a cer-
tain direction, even in a uniform oscillatory wave [1, 38]. It might be useful for an application,
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for instance, mechanically-active optical devices and sensitive acoustic sensors [38–41].
This paper is organized as follows. In Section II, we review the original Landau-de Gennes
model and derive the effective elastic energy of Sm-A phase. The analysis is extended to
Sm-A and Sm-C phases with the generalized Chen-Lubensky model in Section III. Next we
conduct a hydrodynamic simulation for Sm-C layer in Section IV. We conclude in Section
V.
II. LANDAU-DE GENNES MODEL FOR SMECTIC-A PHASE
In this section, we briefly review the Landau-de Gennes model for Sm-A phase, and then
calculate the effective layer elastic energy in terms of the layer displacement field. The
physical meaning of the results are discussed qualitatively.
Smectic liquid crystals can be described by the density modulation Ψ(r) and the director
n(r). The density field Ψ(r) is a complex order parameter with the absolute value being
the amplitude of the smectic order and the phase describing the layer displacement [17].
The analogy between liquid crystals and superconductors leads to the phenomenological
Landau-de Gennes model for the Sm-A liquid crystals
F = Flayer + Fcpl + FFrank, (1a)
Flayer =
∫
dr
[
τ |Ψ|2 + g
2
|Ψ|4
]
, (1b)
Fcpl =
∫
dr
1
2
[
B‖ |(n · ∇ − iq0) Ψ|2 +B⊥ |n×∇Ψ|2
]
,
(1c)
FFrank =
∫
dr
1
2
[
K1(∇ · n)2 +K2(n · ∇ × n)2
+K3(n×∇× n)2
]
. (1d)
The double-well potential Flayer describes the Nematic-Sm-A (NA) transition. Fcpl and FFrank
are the coupling energy between Ψ and n, and the Frank elastic energy. The dimensionless
temperature τ is positive (negative) above (below) the NA point. The constants B‖ and B⊥
are the layer compression elastic coefficients which adjust the layer width to the equilibrium
value d = 2π/q0. The Frank elastic constants Ki (i = 1, 2, 3) correspond to the splay (i = 1),
the twist (i = 2) and the bend (i = 3) deformations, respectively.
We consider a perturbation of the uniform Sm-A structure far below the NA point to see
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the effect of the director tilt from the layer normal. For this purpose, we set B‖ = B⊥ ≡ B
and K1 = K2 = K3 ≡ K to simplify the discussion. A more general case is considered in
the next section for the Chen-Lubensky model. The amplitude of the smectic order is close
to the equilibrium value at low temperature, so we assume
Ψ(r) = Ψ0 exp[iq0(z − u(r))]
(
Ψ0 =
√
τ
g
)
, (2)
where the z-axis is set along the equilibrium layer normal, and the layer displacement field
u(r) is introduced. The director n can be divided into its spatial average and the deviation:
n(r) = ez + δn(r). (3)
The free energy components Fcpl and FFrank are now simplified as
Fcpl =
K
2λ2
∫
dr |∇u+ δn|2 , (4a)
FFrank =
K
2
∫
dr |∇δn|2 , (4b)
where λ =
√
K/B/(Ψ0q0) is the penetration length [18], and |∇δn|2 = (∂iδnj)(∂iδnj)
(repeated indices are summed up). We next write the linearized effective free energy in
terms of u(r). To do this, the director is adiabatically eliminated with the equation,
(1
¯
− nn) · δF
δn
= 0. (5)
The factor 1
¯
− nn ensures the normalization |n|2 = 1, and δnz = 0 because |ez + δn| = 1.
Using (4a), (4b) and (5), we obtain the Fourier representations
δnj(q) = −κ˜(q)iqju(q). (6)(
κ˜(q) ≡ 1
1 + λ2q2
, j = 1, 2
)
.
Thus the effective free energy is
Feff =
K
2
∫
q
[(qz
λ
)2
+ κ˜(q)q4⊥ + κ˜(q)q
2
⊥q
2
z
]
|u(q)|2 , (7)
where we define the z-axis and in-plane (x- and y-) axes as the parallel and perpendicular
direction respectively (Fig.1). Equation (7) is identical with the Landau-Peierls free energy
except for the Lorentzian dependence of the dimensionless layer bending elastic coefficient
κ˜(q), and the higher order cross term [2, 39].
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The q-dependence of κ˜(q) is interpreted qualitatively as follows. We consider a pure un-
dulation case with a constant layer thickness q‖ = 0. This condition is, in fact, a sufficiently
good approximation to describe experiments in the thermodynamic limit [39]. Thus q ‖ δn
is satisfied, which means that only the splay part |q · δn|2 is nonzero in the three Frank
elastic contributions. Since the Landau-de Gennes model (1a) has no layer bending term in
the Ψ-dependent part, the effective elasticity comes solely from the splay term. In fact, if
the director n coincides with the layer normal m, the splay term is turned into the layer
bending elastic energy:
K
2
∫
dr (∇ · n)2 = 2K
∫
drH2. (8)
Here we denote the mean curvature of the smectic layer by H .
(a) q⊥ ≪ λ−1 (b) q⊥ & λ−1
FIG. 1: Schematic representation of the undulated layer structure of Sm-A phase. The director
and layer normal are (a) almost parallel for q⊥ ≪ λ−1 and (b) decoupled for q⊥ & λ−1.
Equation (8) is achieved well for q−1⊥ ≫ λ, where the director is locked to the layer normal
(Fig.1(a)). Oppositely, for q−1⊥ . λ, the director cannot follow the layer deformation, and
the splay term less contributes to the layer elasticity (Fig.1(b)). We note that κ˜(q) can be
written also as a function of the root mean squared (RMS) tilt angle α¯ =
√〈α2〉. With a
smooth undulation u(r) = u0 cos (q⊥ · r) (q⊥ ≪ λ−1),
κ˜(α¯) =
1
1 +
(√
2α¯λ/u0
)2/3 . (9)
The detailed derivation is given in Appendix A. The effective layer bending rigidity decays
with α¯. It implies that the coupling between m and n is certainly essential.
In fact, for any Ψ, the locking term is found in the coupling term (1c)
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Fcpl =
1
2
∫
dr
[
B‖
∣∣∣∣n ·
(
−i∇Ψ0 +Ψ0n(|∇φ| − q0) + Ψ0|∇φ|(m− n)
)∣∣∣∣
2
+B⊥
∣∣∣∣n×
(
−i∇Ψ0 +Ψ0|∇φ|m
)∣∣∣∣
2
]
(10)
where the complex order parameter is decomposed into the amplitude and the phase: Ψ(r) =
Ψ0(r) exp(iφ(r)), and the gradient of the phase component defines the layer normal vector
m(r) = ∇φ/|∇φ|. In the parallel part, the first term favors a uniform smectic modulation
amplitude, the second is the layer compression energy and the last term locks the director
along the layer normal. In the perpendicular part, on the other hand, the first term is
again the amplitude homogenizing contribution, and the second term reduces the director
component perpendicular to the layer normal (c-vector) as long as the coefficient B⊥ is
positive. The Sm-C phase is stable with a negative B⊥, as we shall see in the next section.
III. GENERALIZED CHEN-LUBENSKY MODEL FOR SMECTIC-A AND -C
PHASES
In this section, we introduce the Chen-Lubensky model in the generalized way. Then
the effective elastic energy is calculated for both Sm-A and Sm-C phases. After a physical
interpretation of the Sm-A energy, the effective layer bending elasticity of the Sm-C phase
is discussed. The anisotropy is characterized by the angle ϑ between the c-vector and the
layer bending direction. The state diagrams for the easiest bending angle θ are studied. The
free energy as a function of ϑ is also calculated. Finally, the model parameters of the more
macroscopic free energy [30] are determined with those of Chen-Lubensky model.
A. Generalized Chen-Lubensky model
By adding higher order gradient terms, one can extend the Landau-de Gennes free energy
to reproduce the achiral Sm-C phase. The Chen-Lubensky model is given in the most
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generalized form:
F =
K3
2
F˜(
F˜ = F˜layer + F˜
(2)
cpl + F˜
(4)
cpl + F˜Frank
)
, (11a)
Ψ20q
2
0F˜layer = 2
∫
dr
[
τ˜ |Ψ|2 + g˜
2
|Ψ|4
]
, (11b)
Ψ20q
2
0F˜
(2)
cpl = 2
∫
dr
[(
C˜‖ninj + C˜⊥δ
⊥
ij
)
(DiΨ)(DjΨ)
∗
]
,
Ψ20q
2
0F˜
(4)
cpl = 2
∫
dr
[
D˜‖ |ninjDiDjΨ|2
+D˜‖⊥
(
(ninjDiDjΨ)
(
δ⊥klDkDlΨ
)∗
+ c.c.
)
+D˜⊥
∣∣δ⊥ijDiDjΨ∣∣2] , (11c)
F˜Frank =
∫
dr
[
(1 + κ˜1) (∇ · n)2
+ (1 + κ˜2)K2(n · ∇ × n)2
+ {n× (∇× n)}2] ,
(11d)
whereDi = ∂i−iq0ni is the covariant derivative and δ⊥ij = δij−ninj is the projection operator.
The elastic constants are C˜‖ and C˜⊥ for the second order gradient term F˜
(2)
cpl , D˜‖, D˜‖⊥ and
D˜⊥ for the fourth order terms F˜
(4)
cpl . The physical meaning of the covariant derivative is
FIG. 2: Schematic representation of the c and c˜ vector defined by the layer normal vector m and
the director n. It is obvious that c˜→ −c in the small tilt limit α→ 0.
as follows (Fig.2). With the sinusoidal density profile Ψ(r) = Ψ0 exp (iφ(r)) and the layer
normal vector m ≡ ∇φ/|∇φ|, one obtains DΨ = i|∇φ|(m−n cosα)Ψ ≡ ic˜|∇φ|Ψ, where α
is the angle between n and m, and c˜ is the layer normal vector component perpendicular to
the molecular orientation, which coincides with −c for α→ 0. Because C˜‖|n ·DΨ|2 = 0 and
C˜⊥|n×DΨ|2 = C˜⊥Ψ20|∇φ|2c˜2, Sm-C phase is equilibrated with a combination of a negative
C˜⊥ and stabilizing fourth-order covariant derivatives.
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The scattering function is readily calculated as
S(q) =
S0τ˜0
τ˜0 + D˜‖(q‖ − q0)4 + (C˜‖ + 2D˜‖⊥q2⊥)(q‖ − q0)2 + D˜⊥(q2⊥ − q20⊥)2
, (12)
where we set τ˜0 = τ˜ − C˜2⊥/(4D˜⊥) and q20⊥ = −C˜⊥/(2D˜⊥). The relations of the present
generalized model to the other models are shown in Table I. One can obtain the original
Chen-Lubensky model if D˜‖ = D˜‖⊥ = 0 and D˜⊥ 6= 0. With C˜‖ = B‖/(2Ψ20q20), C˜⊥ =
B⊥/(2Ψ
2
0q
2
0) and D˜‖ = D˜‖⊥ = D˜⊥ = 0, the Chen-Lubensky model is reduced to the Landau-
de Gennes model (1a).
model type parameter list
original Chen-Lubensky model [9] D˜‖ = D˜‖⊥ = 0, D˜⊥ 6= 0
model of [42] D˜‖ = D˜‖⊥ = D˜⊥ 6= 0
model of [43] (in the vicinity of q‖ = q0) C˜‖ = 4D˜‖q
2
0 6= 0, D˜‖⊥, D˜⊥ 6= 0
Landau-de Gennes model (1a) C˜i = Bi/(2Ψ
2
0q
2
0) (i =‖,⊥), D˜‖ = D˜‖⊥ = D˜⊥ = 0
TABLE I: Relationships between the generalized Chen-Lubensky and other models with the cor-
responding parameter lists.
The equilibrium director in the Sm-C phase tilts against the layer normal at the angle,
α = tan−1

 1
q0
√
−C˜⊥
2D˜⊥

 . (13)
Next we consider a perturbation of the uniform equilibrium configuration with the gen-
eralized Chen-Lubensky model. The director perturbation is given by
δn(r) = n(r)−N , (14)
whereN is the equilibrium director and equals (sinα cosψ, sinα sinψ, cosα). The azimuthal
angle ψ is the Goldstone mode in the Sm-C phase. The layer deformation is expressed only
by u(r)
Ψ(r) = Ψ0 exp
[
iq0
N3
(z − u(r))
]
. (15)
The equilibrium condition (5), equivalent to n ‖ δF˜ /δn, reads
δF˜
δni
− Ni + δni
N3 + δn3
δF˜
δn3
= 0 (i = 1, 2). (16a)
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The perturbation expansion requires
γi
δF˜
δn3
(0)
=
δF˜
δni
(1)
− γi δF˜
δn3
(1)
− δni
N3
δF˜
δn3
(0)
= 0 (i = 1, 2), (17)
where γi = Ni/N3 (i = 1, 2), and O
(n) means the nth order perturbative part of O in terms
of δn and u. Equation (17) has two possible solutions. We obtain the Sm-A phase (N = e3)
if
(
δF˜ /δn3
)(0)
6= 0, otherwise the Sm-C phase with the director tilt angle α (13).
B. Effective Sm-A free energy
The Sm-A case is quite simple: γ1 = γ2 = 0 and N3 = 1. Following the same procedure
as in Sec. II, the effective free energy is calculated as
δni(q) = −
2i(C˜⊥ + D˜‖q
2
‖ + D˜⊥q
2
⊥)
2C˜⊥ + D˜
′q2⊥ + q
2
qiu(q) (i = 1, 2), δn3(r) = 0, (18)
F˜ = 2
∫
q
[
C˜‖q
2
‖ + D˜‖q
4
‖ + 2D˜‖⊥q
2
‖q⊥ + D˜⊥q
4
⊥
+
C˜⊥q
2
⊥
(
D˜
′
q2⊥ + q
2
)
− 2q2⊥
(
D˜‖q
2
‖ + D˜⊥q
2
⊥
)(
2C˜⊥ + D˜‖q
2
‖ + D˜⊥q
2
⊥
)
2C˜⊥ + D˜
′q2⊥ + q
2
]
|u(q)|2,
(19)
where
∫
q[· · · ] ≡
∫
dq[· · · ]/(2π)3 and D˜′ ≡ 2D˜⊥ + κ˜1. The twist and bend contributions
of Frank energy do not appear in the effective free energy because δn⊥ ‖ q⊥. The layer
compression term has no director contribution, because the layer width strain energy should
be the quadratic form ∂zu+ δnz, and the higher order term δnz is neglected.
Next we compare the previous Landau-de Gennes and the present Chen-Lubensky model
briefly, to understand the role of the fourth order gradient terms. By setting D˜‖ = D˜‖⊥ =
κ˜1 = 0, Eq.(19) is reduced to the simpler form
F˜ = 2
∫
q
[
C˜‖q
2
‖ + κ˜(q)q
4
⊥ +
C˜⊥ + D˜⊥q
2
⊥
2C˜⊥ + 2D˜⊥q2⊥ + q
2
q2‖q
2
⊥
]
|u(q)|2,
(
κ˜(q) =
C˜⊥ + 2D˜⊥C˜ + D˜⊥q
2
⊥
2C˜⊥ + 2D˜⊥q2⊥ + q
2
)
. (20)
This is identical with the effective Landau-de Gennes free energy (7) if D˜⊥ = 0. The profile
of κ˜(q) is depicted in Fig.3. The layer bending modulus only from the density contribution
can be considered as κ˜(q⊥ →∞) = 2D˜⊥/(2D˜⊥ + 1) because the splay vanishes at q⊥ →∞.
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FIG. 3: Plot of the effective layer undulation modulus κ˜(q3 = 0, q⊥) in (20). The Lorentzian curve
with the offset (∼ D˜⊥) decays with the characteristic wave number ∼
√
C˜⊥. The fourth-order
gradient coefficients are typically quite small than the second order coefficients.
C. Effective free energy for Sm-C phase
Next we calculate the effective free energy for the Sm-C phase. Using δF˜ (0)/δn3 =
−4
{
C˜⊥ + 2D˜⊥q
2
0 ((1/N
2
3 )− 1)
}
/N3 = 0, the perturbed equation of state is given in the
matrix form
Mδn⊥(q) = v(q), (21a)
M =

 D˜′ q˜22 + (1−N22 ) q2 + 2N21A + κ˜2q˜2⊥2 −D˜′ q˜1q˜2 +N1N2 (q2 + 2A)− κ˜2q˜⊥1q˜⊥2
−D˜′ q˜1q˜2 +N1N2 (q2 + 2A)− κ˜2q˜⊥1q˜⊥2 D˜′ q˜21 + (1−N21 ) q2 + 2N22A+ κ˜2q˜2⊥1

 ,
(21b)
v(q) = 2i

 Eγ1 + d˜q˜2
Eγ2 − d˜q˜1

 u(q), (21c)
where we use the first order terms of the normalization condition δn3 = −γ1δn1 − γ2δn2.
Here we introduced the abbreviations
A ≡ 1
N23
(
C˜‖ + 4D˜⊥q
2
0 +
2D˜‖⊥q
2
0N
2
⊥
N23
)
, (22a)
E ≡ 4D˜⊥q
2
0 q˜3
N3
−
(
C˜‖ +
2D˜‖⊥q
2
0N
2
⊥
N23
)
N · q, (22b)
q˜ ≡ q ×N , (22c)
q˜⊥ ≡ q −N (N · q) = N × q˜, (22d)
d˜ ≡ D˜‖⊥ (N · q)2 + D˜⊥ (N × q)2 . (22e)
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The smectic free energy is invariant under a uniform layer displacement, and the solution of
the equation of state (21a) for q = 0 is N · δn⊥ = δn3 = 0. This is nothing but a uniform
rotational Goldstone mode of the c-vector.
Inverting the matrix M , we obtain the expression for the director deformation

 δn1(q)
δn2(q)

 = 2iu(q)
DC


−N3
(
ED˜
′
q˜2 + 2d˜AN2
)
q˜3 + EN3N1q
2
−Eκ˜2q˜⊥1q˜⊥3 −N3d˜q˜⊥1 (q2 + κ˜2q˜2)
N3
(
ED˜
′
q˜1 + 2d˜AN1
)
q˜3 + EN3N2q
2
−Eκ˜2q˜⊥2q˜⊥3 −N3d˜q˜⊥2 (q2 + κ˜2q˜2)


, (23)
where the determinant of M is given by
DC = N
2
3
[(
D˜
′
+ κ˜2
)
q2q˜2 + D˜
′
κ˜2q˜
4 + 2D˜
′
Aq˜23 + 2Aκ˜2q˜
2
⊥3 + 2N
2
⊥q
2A + q4
]
. (24)
Now in the Sm-C phase, δn ∦ q⊥ even at the pure undulation (q3 = 0). So not only the
splay Frank elastic energy but also the twist and bend terms have contributions to the layer
bending elastic energy. The splay term favors the state with q ⊥ δn (we call it the q ⊥ δn
state), and both the twist and the bending terms favor the q ‖ δn state. In such a layered
smectic phase with the spontaneously symmetry breaking layer normal direction and with
the rotational Goldstone mode of the c-vector, the three Frank elastic terms have anisotropic
energy contributions, together with the anisotropic coupling constants. The leading order
terms including D˜‖, D˜⊥ and D˜‖⊥ are (∇2‖u)2, (∇2⊥u+∇·n)2 and (∇2‖u)(∇2⊥u+∇·n), which
favor N ⊥ q, N ‖ q and the intermediate state respectively.
Anisotropy due to the c-vector is apparent in the pure undulation case (q3 = 0). Let ϑ
be the angle between c and q⊥. The effective free energy is calculated with (23),
F˜ = 2
∫
q
⊥
f˜ = 4
∫
q
⊥
q4⊥|u(q)|2 (κu(x) + κn(q, x)) , (25a)
κu(x) =
D˜‖N
4
⊥x
2 + 2D˜‖⊥N
2
⊥xy + D˜⊥y
2
N23
, (25b)
κn(q, x) =
1
N23
D˜n1(x)N
2
3 q
2
⊥λ
2
A + D˜n2(x)N
2
⊥
D˜n3(x)N23 q
2
⊥λ
2
A + D˜n4(x)N
2
⊥
, (25c)
(25d)
12
D˜n1(x) = −2
(
D˜‖⊥x+ D˜⊥y
)2
y (1 + κ˜2y) , (26a)
D˜n2(x) = xN
2
3
{
1 + D˜
′
y − 4
(
D˜‖⊥x+ D˜⊥y
)}
(1 + κ˜2y) ,
−4
(
D˜‖⊥x+ D˜⊥y
)2
(1− x) , (26b)
D˜n3(x) =
(
1 + D˜
′
y
)
(1 + κ˜2y) , (26c)
D˜n4(x) = 2
(
D˜
′
(1− x) + κ˜2N23x+ 1
)
, (26d)
where x ≡ cos2 ϑ and y(x) = 1 − N2⊥x. The effective layer bending elasticity contains the
two components: κu(x) is the density contribution without the director deformation, and
κn(q⊥, x) comes both from the density and director elasticity. The director part has a new
characteristic length-scale λA ≡ 1/
√
A, determined by the ratio of the Frank elasticity and
the combination of the second and fourth order density gradient terms (22a). Taking the
Landau-de Gennes limit D˜i → 0 (i =⊥, ‖⊥, ‖) and α → 0, λA is reduced to the parallel
penetration length λ‖ =
√
C˜‖. It is completely different from the Sm-A case where the
characteristic length is λ⊥ =
√
C˜⊥ (20).
We will compare this result with the previous works in Sec. III E.
D. State diagram for Sm-C phase
In the following, we examine the minimizer ϑ = θ for F˜ (ϑ) (25a). The angles ϑ and θ
are spatially uniform by assumption.
We first consider the one Frank constant case: K1 = K2 = K3. In this case, the calcula-
tion and evaluation of the free energy become quite simple with no further approximation.
One can show that the free energy density f˜(x) is a convex function throughout 0 ≤ x ≤ 1,
because a stability of the smectic layer requires the inequality det(D˜) ≡ D˜‖D˜⊥ − D˜2‖⊥ > 0
(see Appendix B). Thus the behavior of the free energy minimum is determined only by
f˜
′
(0), f˜
′
(1) and det(D˜). There are three possible cases for the first derivative f˜
′
(x):
(i) f˜
′
(0) > 0 (so f˜
′
(1) > 0)
The minimum of the free energy is at θ = 90◦
(ii) f˜
′
(0) < 0 and f˜
′
(1) > 0
The favored angle θ exists between 0◦ and 90◦.
(iii) f˜
′
(0) < 0 and f˜
′
(1) < 0.
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The free energy minimum is at θ = 0◦, and the director tends to be aligned to the layer
bending direction.
(a) α = 10◦, q⊥ = 2× 106cm−1 (b) α = 10◦, q⊥ = 2× 107cm−1
(c) α = 30◦, q⊥ = 2× 106cm−1 (d) α = 50◦, q⊥ = 2× 106cm−1
FIG. 4: State diagrams with D˜⊥, D˜‖⊥ and D˜‖ in the one Frank constant approximation. We use
q0 = 2 × 107cm−2 and C˜‖ = 4× 1012cm−1
(
∼ λ−2‖
)
as a set of typical values [18, 44]. The planes
f˜
′
(0) = 0, f˜
′
(1) = 0 and det(D˜) = D˜⊥D˜‖ − D˜2‖⊥ = 0 are denoted by the plane (1), (2) and (3)
respectively.
The fixed parameters are set to be typical values and used in followings if not specified:
q⊥ = 2 × 107cm−1 and C˜‖ = λ−2‖ = 4 × 1012cm−2 [18, 44]. We limit the possible parameter
range of
{
D˜i | i =‖, ‖⊥,⊥
}
to 0 < D˜i < 1, because of the stability of the free energy,
the relation D˜⊥ ∼ d2/(λ⊥N⊥)2 holds, and the feasibility of the Landau-de Gennes model
(D˜i = 0) in the Sm-A phase. In fact, one of the scattering experiments shows that D˜‖⊥,
D˜‖ ≃ 0 and D˜⊥(∼ 10−4) ≪ 1 [15], where only the trivial θ = 90◦ state is expected to
be observed as the previous work implies [30, 35]. However, depending on the material,
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one might be able to obtain a wide range of the parameter sets within 0 < D˜i . 1. The
three-dimensional state diagrams for D˜‖, D˜‖⊥ and D˜⊥ are given in Fig.4. State boundaries
are determined by the conditions (1) f˜
′
(0) = 0, (2) f˜
′
(1) = 0, and (3) det(D˜) = 0.
We again note that the smectic layer elasticity consists only of the density and the Frank
elastic energies and the coupling energy between the layer normal and the director. All the
following results will be explained in terms of combinations of the three elastic contributions.
The θ = 90◦ state dominates for small α and q⊥ < λ
−1
A (∼ 107cm−1) (Fig.4(a)). When
q⊥ & λ
−1
A , on the other hand, the Frank elasticity less contributes to κ˜(q), and anisotropic
density terms dominate (Fig.4(b)), being enhanced for larger α (Fig.4(c)). Thus various
angle θ can appear. In experiment, the largest tilt angle α that has been reported to our
knowledge is 37◦ [45]. So the possible stable θ state might be limited to 0◦ < θ ≤ 90◦, as we
see from the diagrams for α ≤ 40◦. Nevertheless, if the α = 50◦ molecular tilt is achieved,
there exists the stable θ = 0◦ state (Fig.4(d)).
In each state diagram, the behavior of θ is quite sensitive to D˜⊥ compared with D˜‖⊥
and D˜‖. This is because the elasticity of the vector c˜ (≃ −c) is dominated by the elastic
terms including D˜⊥, as we discussed in Sec.II A. The ratio between C˜⊥ and D˜⊥ is uniquely
determined by the tilt angle α (13), so the value of D˜⊥ controls the preference of q⊥ ‖ N .
Thus the stable state changes from θ = 90◦ to 0◦ < θ < 90◦ and θ = 0◦ as D˜⊥ grows. On
the other hand in Fig.4(d), the θ = 0◦ state transits to the 0◦ < θ < 90◦ state with the
increment of D˜‖.
The state diagram for the reduced Frank elastic moduli κ˜1 and κ˜2 is also calculated based
on (25a). We use D˜⊥ = 0.5, D˜‖⊥ = 0.01 and D˜‖ = 0.1. An experimental result tells that
D˜‖⊥ is smaller than D˜⊥, D˜‖ [15]. D˜⊥ = 0.5 is about on the state boundary between θ = 90
◦
or less, so that we would obtain the sensitive state behavior. This parameter set will be
used in the following if not specified.
Effect of the Frank elastic constants is quite sensitive to α. For α . 40◦ (Fig.5(a)), the
θ = 90◦ state dominates except for low κ˜2, while θ < 90
◦ domain shrinks for smaller and
larger κ˜1. The θ = 90
◦ state is achieved by a combination of the locking term (which is
the major contribution for small α), and the twist Frank term |N · (q⊥ × δn) |2 favoring
q⊥ ‖ N or q⊥ ‖ δn. The θ < 90◦ domain is suppressed by the two mechanisms. One for
larger κ˜1 is a combination of the locking term and the splay Frank term (see Fig.7 and the
detailed calculation is found in Appendix C). The other for smaller κ˜1 is a combination of
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(a) α = 40◦ (b) α = 50◦ (c) α = 50◦, D˜⊥ = 0.2
    (deg)
    90
      75
      60
      45
      30
      15
     0
FIG. 5: State diagrams in terms of κ˜1 and κ˜2 with different tilt angles. (a) The 0
◦ < θ < 90◦
domain gradually disappears as α → 0. For α = 40◦, the 0◦ < θ < 90◦ domain grows around
κ˜1 ≃ 0. (b) For α = 50◦, a stable θ = 0◦ domain emerges at κ˜1 ≃ 0 and higher κ˜2. The preferred
angle changes discontinuously between the θ = 0◦ and θ = 90◦ states. The lower D˜⊥ diagram is
plotted in (c).
(a) α = 20◦ (solid line) (b) α = 50◦, κ˜1 = 0, κ˜2 = 6
α = 40◦ (dashed line) (K1/K3 = 1, K2/K3 = 7)
FIG. 6: Plot of the free energy f(ϑ) as a function of the angle between the c-vector and q⊥. (a)
The tilt angle dependence of the free energy f(ϑ). (b) Discontinuous transition is explained with
the two minima at θ = 0◦ and 90◦ as it should be.
the twist and bend Frank elastic energies, which favor q⊥ ‖ δN . For α > 50◦ (Fig.5(b)),
the locking term less contributes and the anisotropic elasticity with D˜⊥ is enhanced more.
Thus both of the two minima q⊥ ‖N and q⊥ ‖ δn are stable for higher twist κ˜2. They are
incompatible because of the normalization condition N · δn = 0, so the transition between
θ = 0◦ and θ = 90◦ is discontinuous. This anomalous state behavior disappears for weak
anisotropy (Fig.5(c)).
We also plot the free energy f(ϑ) in Fig.6. The normalization is taken with f(ϑ = 0◦).
The minimizer θ decreases as α grows, but the free energy barrier is still small for α = 40◦,
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(a) ϑ = 0◦ (b) ϑ = 90◦
z
x
z
x
FIG. 7: Layer undulation and the director configuration assuming the nonzero tilt angle α. The
splay Frank elastic energy costs at ϑ = 0◦ more than at ϑ = 90◦, because of the director component
projected to the zx-plane.
being a few percent of the absolute value Fig.6(a). So the equilibration to the free energy
minimum might be disturbed by the internal thermal noise and an external force. However
the 0◦ < θ < 90◦ state is more stable at higher α. The discontinuous θ transition in Fig.5(c)
is certainly due to the coexistence of the two local minima (Fig.6(b)).
E. Discussion
We next compare our calculation with the previous works. Hatwalne and Lubensky [30]
derived the elastic free energy for the Sm-C phase in a more elegant way making use of the
symmetry and covariance of the model free energy. The resulting representation in the case
N = (N1, 0, N3) is
F =
1
2
∫
q
(
Bq23 +K11q
4
1 + 2K12q
2
1q
2
2 +K22q
4
2
) |u(q)|2 (27)
We can obtain the layer compression coefficient from (11a), (23), and the normalization
N · δn = 0, by setting q1 = q2 = 0 and q3 → 0,
B =
8K3D˜⊥q
2
0
N63A
{
AN43
(
2−N23
)− 4D˜⊥q20} . (28)
We note that the layer compression elasticity stems from the director contribution κ˜1 as
well as the density contribution in the Sm-C phase, because a change of the layer width is
associated with the change of the tilt angle.
As for the layer bending elasticity, the effective Chen-Lubensky model (25a) cannot be
written in the Hatwalne-Lubensky q-dyadic form (27), because in general the anisotropic
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layer bending elasticity should be expressed as
F =
1
2
∫
q
(
Bq23 + q
4
⊥K(ϑ, q⊥)
) |u(q)|2. (29)
Still we can give some representations for K11 and K22 in the simple form,
K11 = K(ϑ = 0
◦) =
K3
N23
{
2D˜‖N
4
⊥ +N
2
3
(
1 + κ˜1N
2
3
)}
, (30a)
K22 = K(ϑ = 90
◦) =
2K3D˜⊥ (κ˜1 + 1)
N23
(
2D˜⊥ + κ˜1 + 1
) . (30b)
K12 is calculated with the parabolic approximation,
K12 ≃ K(ϑ = 0
◦) +K(ϑ = 90◦)
2
− 1
4
(
∂K
∂x
∣∣∣∣
ϑ=0◦
− ∂K
∂x
∣∣∣∣
ϑ=90◦
)
(31)
The three elastic constants K11, K12, and K22 contain both the density and the director
contributions as pointed out in the previous research [30].
In this way, we bridge the models of smectic liquid crystal at different coarse-graining
levels. It leads one to a quantitative discussion with the phenomenological macroscopic
model [30], based on the experimental determination of the Chen-Lubensky model [15].
We conclude this section comparing our results for Sm-C liquid crystals with other layer
forming materials. Diblock copolymers, chemically connected two different homopolymers,
do not possess the definite molecular orientational degree of freedom especially in the weak
segregation regime [29]. Thus anisotropic elasticity cannot occur. On the other hand, in
surfactant systems, the linear amphiphilic molecule is basically normal to the surfactant
layer [28, 46]. This is similar to the Sm-A phase of liquid crystals rather than the Sm-C
phase. Thus amphiphilic system again would not have an in-plane anisotropic coupling.
However in some cases the surfactant molecules may be aligned at a nonzero tilt angle
against the layer normal [47–49]. Such systems might have an anisotropic layer elasticity as
in the present Sm-C liquid crystal case.
IV. HYDRODYNAMICS OF SMECTIC-C LAYERS
In this section, we consider the transverse wave in smectic liquid crystals which oscillates
in the layer normal direction, and travels perpendicularly to the layer normal. The wave
frequency is much lower than the inverse of the molecular time scale (∼ 108Hz), so that the
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permeation effect which changes the layer width is negligible [1]. Also we eliminate some
rapidly relaxed degrees of freedom, namely the density ρ, the local energy ǫ, the velocity
along the layer in-plane directions, the pressure P , and the c-vector in the time scale ∼ 10−4s.
We derive the equation of motion of u(r) from the time evolution of the velocity field
v(r). According to the unified hydrodynamic description [1, 31], a set of the hydrodynamic
equations at a constant temperature with no external field is
∇ · v(r) = 0, (32a)
∂u(r)
∂t
− vz(r) = 0, (32b)
−Bzβγ∂γvβ(r) = −νhz(r), (32c)
ρ0
∂vz(r)
∂t
= −δF
δu
− Bzzβ∂βhz(r) + ηzβγδ∂γ∂δvβ(r), (32d)
where hz is the torque acting on the c-vector and Bαβγ is the coupling constant between the
torque and the velocity. The first equation is the incompressibility condition originated from
the equation of continuity. The second and third equation describes the relaxation of the
layer permeation and the rotational c-vector mode respectively. The last equation is derived
from the momentum conservation essentially equivalent to the Navier-Stokes equation. From
the above equations, we derive the equation of motion as
ρ0
∂2u(r)
∂t2
= µβγ∂β∂γ
∂u(r)
∂t
− δF
δu
. (33)
In the smectic-C phase, the model free energy has the static elastic coupling of the layer
displacement field u(r) and c-vector. Here exists the dynamical viscous coupling of the
velocity and the molecular orientation in the first term of (33). Anisotropic viscosity tensor
µβγ (β, γ=1, 2) depends on the c-vector, as
µβγ = µ0 δβγ + µ1nβ(r)nγ(r), (34)
where µ0 and µ1 are constants. The isotropic and rotational viscosities are reported to
be of the same order (∼ 1 Poise) in the experimental studies [45, 50]. We then add an
oscillatory source term s(r, t). We consider the oscillating wall and cylindrical sources
s(r, t) = s0 cos(ωt)δ(x) and s0 cos(ωt)δ(x)δ(y) respectively, to examine the anisotropy in
the Sm-C phase (Fig.8). This vibrating force can be provided by an oscillatory object, for
example, an electric field [51]. The linearized dynamic equation in Fourier space is
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(a) (b)
FIG. 8: Illustration of the oscillatory sources. We consider the two geometries: (a) the one-
dimensional wall and (b) the two-dimensional cylinder at the center point of the layer plane.
ρ0
∂2u(q, t)
∂t2
= −
[
(µ0 δβγ + µ1NβNγ)qβqγ
∂
∂t
+
(
Bq2‖ +K(ϑ)q
4
⊥
)]
u(q, t) + s(q, t), (35)
where s(q, t) = 4π2s0 cos(ωt)δ
(2)(q⊥) and 2πs0 cos(ωt)δ(qz) is the one-dimensional wall and
two-dimensional cylindrical source respectively. The thermodynamic force δF/δu∗ is written
in the linear form L(q)u(q, t) =
(
Bq2‖ +K(ϑ, q⊥)q
4
⊥
)
u(q, t).
We next derive the dimensionless dynamic equation. The characteristic parameter set is
listed in Table II. The reduced dynamic equation is
TABLE II: Parameters and their typical scales in the dynamic equation (35) [1, 45, 50, 52].
parameter description typical scale
ρ0 averaged molecular density ∼ 1g/cm3
u(r) layer displacement field ∼ 10−7 − 10−8cm
µ0 isotropic viscosity ∼ 1 Poise
µ1 rotational viscosity ∼ 1 Poise
qi undulation wave number ∼ 10−5cm
ω undulation frequency ∼ 104Hz
B = CiΨ
2
0q
2
0 (i =⊥, ‖) layer compression elastic constant ∼ 106dyn/cm2
(second order density elastic constant)
DiΨ
2
0q
2
0 (i =⊥,⊥‖, ‖) layer bending elastic constant ∼ 10−6dyn
(fourth order density elastic constant)
Ki (i = 1, 2, 3) Frank elastic modulus ∼ 10−6dyn
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ρ0ξ
4
K3τ 2
∂2u˜(q˜, t˜)
∂t˜2
= −ξ
2ηc
K3τ
(
η˜0q˜
2 + η˜1 (N · q˜)2
) ∂u˜(q˜, t˜)
∂t˜
−
(
B0
K3q20
B˜q˜2z + K˜(ϑ)q˜
4
)
u˜(q˜, t˜) +
ξ4q0
K3
s(q˜, t˜), (36)
where we introduced the dimensionless valuables t = τ t˜, ωτ = ω˜, uq0 = u˜, qiξ = q˜i,
ηi = ηcη˜i (i = 0, 1), B = B0B˜ and K(ϑ) = K3K˜(ϑ). All the dimensionless constants are of
order ∼ 1. We set the characteristic scales according to Table II: τ = 10−4s, ξ = 10−5cm,
ηc = 1 Poise and B0 = 10
6dyn/cm2. In this parameter set, the scale of each term in (36) is
ρ0ξ
4/K3τ
2 ∼ 10−6 and ξ2ηc/K3τ ∼ B0/K3q20 ∼ 1. Thus the inertia term can be neglected
and the final form of the dimensionless dynamic equation is
ζ˜
∂u˜(q˜, t˜)
∂t˜
+ L˜(q˜)u˜(q˜, t˜) = s˜(q˜, t˜), (37)
where the effective viscosity ζ˜ = q˜2 (η˜0 + η˜1 cos
2 ϑ), and the normalized external force s˜
is given by s˜ = s˜0(q˜) cos(ω˜t˜). The reduced amplitude s˜0 is 4π
2s0q0ξ
4δ(qy)δ(qz)/K3 and
2πs0q0ξ
4δ(qz)/K3 in the oscillatory wall and the vibrating cylinder case respectively. The
time evolution is
u˜(q˜, t˜) =
s˜0
ζ˜
(
λ˜2 + ω˜2
) (−λ˜ cos ω˜t˜ + ω˜ sin ω˜t˜ + λ˜ exp λ˜t˜) , (38)
where λ˜ = −L˜/ζ˜ and the initial condition is set to be u˜(q˜, 0) = 0.
Visualization of the wave propagation is depicted in Fig.9 and Fig.10. Unphysical infinite
wavelength mode is excluded. We use the parameter set: C˜‖ = 4× 1012cm−2, D˜⊥ = D˜‖⊥ =
D˜‖ = 0.1, κ˜1 = κ˜2 = 0, ω = 5× 104Hz, and α = 30◦. The reference c-vector is tilted against
the x-axis at 40◦. The same parameter set is used in the following if not specified. The layer
displacement is shown with the brightness, and the director change is indicated with the
unit arrow. The dumped director degree of freedom is governed by the layer displacement
field through (23). While the layer displacement scale is ∼ 10−7cm−1, the director rotation
angle is about 10−3 − 10−4rad, which can be observed in experiment [53, 54].
In Fig.9, the planar oscillation orientates the director with the layer displacement.
Anisotropic wave propagation is obvious under a cylindrical source (Fig.10). The favored
angle is θ = 90◦, as in the experimental study [35] and the free energy analysis (Fig.4). The
wave velocity is faster in the rigid direction c ‖ q⊥, than in the soft orientation c ⊥ q⊥. A
simple dimensional analysis of (37) with s˜ = 0 gives the ratio
v‖/v⊥ =
(
K˜(0◦)/K˜(90◦)
) 1
2 {η˜0/ (η˜0 + η˜1)}
1
2 . (39)
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We conclude this section with the remark that both the director alignment and the
anisotropic wave propagation are entirely controlled by the static and dynamic coupling
between the layer displacement and the director (39), and could be observed within the
experimental resolution.
(a) t = 1.2× 10−4s (b) t = 1.8× 10−4s
x
y
O 40
c
o
(c) t = 2.4 × 10−4s (d) t = 3.0× 10−4s
uq0-1 10
FIG. 9: Snapshots of the layer oscillation under a planar source (x = 0). The brightness indicates
the local layer displacement and the unit arrow represents the deviation of the director from the
ground state. We set C˜‖ = 4 × 1012cm−2, D˜⊥ = D˜‖⊥ = D˜‖ = 0.1, κ˜1 = κ˜2 = 0, ω = 5 × 104Hz,
and α = 30◦.
V. CONCLUSION
In this paper, we analytically derived the effective generalized Chen-Lubensky model by
adiabatic elimination of the director relaxation. For Sm-A phase, the director unlocking
from the layer normal is confirmed at an undulation wavelength shorter than the director
coherent length. The effective layer bending elastic modulus is written as a function of the
unlocking angle α, and decays with the increase of α. This agrees with the argument in the
previous work [25]. In Sm-C phase, on the other hand, not only the director unlocking but
anisotropic elasticity arises from the c-vector. After the detailed study, it turned out that
the preferred angle θ between the layer bending orientation and the c-vector varies from 0◦
to 90◦ depending on the layer elastic constants, the Frank constants, the tilt angle, and the
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(a) t = 1.2× 10−4s (b) t = 1.8× 10−4s
x
y
O
40
c
o
(c) t = 2.4 × 10−4s (d) t = 3.0× 10−4s
FIG. 10: Anisotropic wave propagation is shown in the presence of an isotropic oscillatory source
(x = y = 0). The wave front is elliptic with the long axis parallel to the reference director c.
undulation wavelength. Transitions between the different θ states are not only continuous
but also discontinuous. Then the new characteristic length λA is found, which plays an
important role on the elasticity of Sm-C phase. The model parameters of the macroscopic
free energy [30] are determined from the more microscopic Chen-Lubensky model. It allows
a quantitative argument based on the model [30] with the experimental determination of the
model parameters [15]. We also compared smectic liquid crystals with other layer forming
materials.
Next we discussed the hydrodynamics of Sm-C layers using the effective elastic energy
derived above. We derive the Sm-C hydrodynamics with the director deformation elimi-
nated. Anisotropic wave propagation from the isotropic oscillatory source and the director
orientation in the simple undulation along one direction are confirmed. These effect could be
observed in experiment [51, 53, 54]. By converting the mechanical undulation to the optical
information through the director orientation, here also arises a new possible application of
liquid crystals for a sensitive mechanical sensor.
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APPENDIX A: EFFECTIVE LAYER BENDING ELASTIC MODULUS AS A
FUNCTION OF m-n UNLOCKING ANGLE
FIG. 11: Schematic representation of the smectic layer with a sinusoidal undulation. Here exists
the small unlocking angle α between the layer normal m and the director n, which accounts for
the weak bending elastic modulus.
Here we give a better representation of the effective layer bending elastic modulus (9),
as a function of the root mean square (RMS) of the angle α˜ between the layer normal and
the director. This leads us to a more quantitative understanding of the previous numerical
result on the mean curvature of smectic layers in the TGB phase [25].
We suppose a single Fourier mode of the layer undulation u(r) = u0 cos(qx) (Fig.11).
The wave-number vector is along the x-axis. With the help of (6), m and n are
nx =
1
1 + (λq)2
qu0 sin(qx), (A1a)
mx = qu0 sin(qx), (A1b)
ny = my = 0, (A1c)
nz = mz = 1. (A1d)
In a small deformation, the tilt angle α is given by
α ≃ mx − nx = (λq)
2
1 + (λq)2
qu0 sin(qx). (A2)
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The RMS α˜ is readily calculated
α˜ =
1√
2
u0λ
2q3
1 + (λq)2
≃ 1√
2
u0λ
2q3, (A3)
where the smooth undulation condition q ≪ λ−1 is assumed in the last line. We note that
the tilt angle is roughly proportional to the cube of the wave-number, and the characteristic
length is a combination of the penetration length and the undulation amplitude (λ2u0)
1/3
.
Thus the effective layer bending rigidity is now written as a function of α˜
κ˜ (α˜) =
1
1 +
(√
2α˜λ/u0
)2/3 . (A4)
The same method could be applied for the Sm-A phase also in the Chen-Lubensky model.
APPENDIX B: DERIVATION OF D˜⊥D˜‖ − D˜2‖⊥ > 0 AND ONE CONSTANT AP-
PROXIMATION
Here we prove the relation D˜⊥D˜‖ − D˜2‖⊥ > 0 to guarantee the convexity of the effective
free energy as a function of x = cos2 ϑ in the one Frank constant case (B4). This relation
actually holds for an arbitrary set of Frank elastic moduli, because the inequality is based on
the stability of the smectic layer. With the density profile Ψ = Ψ0 exp(q ·r), the q-dependent
part of the Chen-Lubensky Hamiltonian (11a) is proportional to∫
drΨ20
[
D˜‖Q
4
‖ + 2D˜‖⊥Q
2
‖Q
2
⊥ + D˜⊥Q
4
⊥
]
, (B1)
where the effective momenta Q2‖ = (q‖ − q0)2 + q20‖ and Q2⊥ = q2⊥ − q20⊥, the
characteristic wave number q20‖ =
(
C˜‖D˜⊥ − C˜⊥D˜‖⊥
)
/
[
2
(
D˜⊥D˜‖ − 2D˜‖⊥
)]
and q20⊥ =(
C˜‖D˜‖⊥ − C˜⊥D˜‖
)
/
[
2
(
D˜⊥D˜‖ − 2D˜2‖⊥
)]
, and the projected wave-number vector q‖ =
(n · q)n, q⊥ = −n× (n× q) are utilized. Positive definiteness of (B1) requires
D˜⊥D˜‖ − D˜2‖⊥ > 0. (B2)
This inequality helps one to prove a convexity of the free energy at the one constant ap-
proximation (K1 = K2 = K3). In this case, the free energy is simplified as
D˜⊥N
2
3
q4⊥|u(q)|2
f˜ = 2N4⊥
(
D˜‖D˜⊥ − D˜2‖⊥
)
x2 + D˜⊥
(
1−N2⊥x
)
+ 2D˜‖⊥N
2
⊥x
−
(2N2⊥ + k
2
⊥)
(
−2N4⊥D˜2‖⊥x2 + D˜⊥ (1−N2⊥x) + 2D˜‖⊥N2⊥x
)
− 2N23N2⊥D˜⊥x
2k2⊥D˜⊥ (1−N2⊥x) + 4D˜⊥N2⊥ (1− x) + 2N2⊥ + k2⊥
,
(B3)
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and the second derivative is
N23 D˜⊥
4N4⊥q
4
⊥|u(q)|2
f˜
′′
(x) = D˜‖D˜⊥ − D˜2‖⊥ +
2N2⊥ + k
2
⊥{(
1 + 2D˜⊥
)
(2N2⊥ + k
2
⊥)− 2N2⊥D˜⊥ (k2⊥ + 2) x
}3
×
{(
1 + 2D˜⊥
) (
2N2⊥ + k
2
⊥
)
D˜‖⊥ −
(
k2⊥ + 2
)
D˜⊥
}2
, (B4)
where the dimensionless wave number is given by k⊥(D˜‖⊥, D˜⊥) ≡ λAq⊥.
APPENDIX C: SPLAY FRANK ENERGY AS A FUNCTION OF ϑ
We calculate the splay energy for a small tilt angle α and the angle ϑ between c and
q⊥. Let the x-axis be parallel to q⊥. The director is n = (sinα cosϑ, sinα sinϑ, cosα).
Assuming the smooth layer undulation q⊥ ≪ λ−1, the director deformation perfectly follows
the layer normal vector. Undulated director configuration is obtained by operating the
rotation matrix about the y-axis Ry
Ry =


cos qx 0 − sin qx
0 1 0
sin qx 0 cos qx

 , (C1)
to the reference director n. Thus the spatially averaged splay energy is expressed as
〈{∇ · (Ryn)}2〉 = q2
2
(
sin2 α cos2 ϑ+ cos2 α
)
. (C2)
Stability of the θ = 90◦ state grows as the splay Frank elasticity dominates. However this
effect of the splay term is not very strong, due to the factor sin2 α.
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